Abstract. Following an idea of Dadok, Harvey and Lawson, we apply the triality property of SO (8) to study the comass of certain self-dual 4-forms on R 8 . In particular, we prove that the Cayley 4-form has comass 1 and that any self-dual 4-form realizing the maximal Wirtinger ratio (equation (1.4)) is SO(8)-conjugate to the Cayley 4-form.
its image in traceless symmetric matrices, over the appropriate orbit in the space of such matrices.
We first recall the familiar case of 2-forms, which is to a certain (but limited) extent a model for what happens for 4-forms.
The space of alternating 2-forms on R n , identified with antisymmetric matrices on R n , becomes a Lie algebra with respect to the standard bracket [ where the summands α i are simple and commute pairwise, i.e. belong to a Cartan subalgebra. Moreover, the summands can be chosen in such a way that the comass norm satisfies
We thus have |α| 2 α 2 ≤ rank, (1.3)
where "rank" is the dimension of the Cartan subalgebra. This optimal bound is attained by the standard symplectic form when c i = 1 for all i. It turns out that bounds similar to (1.1) and (1.3) remain valid for 4-forms, where the Lie algebra has to be replaced by the exceptional algebra E 7 . Somewhat surprisingly, the bound (1.2) is no longer true for 4-forms. The Cayley 4-form is the basic building block in the structure of 8-manifolds with exceptional Spin(7) holonomy, see [Jo00] . In systolic geometry [Ka07] , it plays a key role in the calculation of the optimal stable middle-dimensional systolic ratio of 8-manifolds, and in particular of the quaternionic projective plane, see [BKSW06] . For background systolic material, see [Gr83, Ka95, BK04, KL05, Ka07] .
Going from the R 8 estimates described here to optimal stable middledimensional systolic ratio of 8-manifolds depends on the existence of
a Joyce manifold with middle-dimensionalBetti number 1, which is currently unknown. A number of authors have calculated the comass ω Ca of the Cayley 4-form ω Ca . J. Dadok, R. Harvey, and F. Morgan [DHM88, p. 12, line 2] remarked that ω Ca can be calculated using a triality isomorphism, but their proof depends on the geometry of polar representations [DHM88] . R. Harvey and B. Lawson [HL82] perform a calculation of ω Ca using a presentation of the Cayley 4-form in terms of suitable 3-fold or 4-fold vector products in the nonassociative algebra of the Cayley numbers.
Note that the Cayley form is denoted ω 1 in [HL82, DHM88] , and Ω in [Jo00, p. 342, .
In this paper we use some elementary properties of triality for SO(8) to calculate the comass of the Cayley form (and thus, of the other six forms in Theorem 1.1) and prove that the maximum given in equation 1.4 is attained precisely on the orbit of the Cayley form. Remark 1.3. In the last section we give an example to show that a linear combination of the seven forms with all coefficients 1 has comass 2.
Triality for D 4
The Lie group SO(8, R) has three 8-dimensional representations. They are the defining representation, V = R 8 , and the two spinor representations, ∆ + and ∆ − . Fix a maximal torus T ⊂ SO(8), and a set of simple positive roots. Then for any automorphism φ ∈ Aut(SO(8)), the image φ(T ) is another maximal torus. We can compose with a conjugation σ g (x) = gxg −1 so that σ g • φ(T ) = T and the fundamental chamber is preserved. In this way, an element of the outer automorphism group The Cartan subalgebra h ⊂ so(8) given by block diagonal matrices with four 2 × 2 blocks has an orthogonal basis {t 1 , t 2 , t 3 , t 4 } defined by the condition
where J = 0 1 −1 0 , while {x i , i = 1, 2, 3, 4} are coordinates in h.
The simple positive roots α i ∈ h * are
where α 2 appears at the center of the diagram of Figure 2 .1. The fundamental weights λ i ∈ h * are
and the corresponding representations are
respectively. Let σ 2 (V ) be the representation of SO(8) on the second symmetric power of V , which, by self-duality, is equivalent to the representation by conjugation on the 8 × 8 symmetric matrices. Let σ 2 0 (V ) be the subrepresentation on the traceless symmetric matrices, so that one has a decomposition Let φ be the automorphism (preserving the maximal torus and fundamental chamber) representing the outer automorphism that interchanges ρ 1 = V and ρ 4 = ∆ + , and leaves 
. In other words, there is a linear isomorphism ψ :
In the representation σ 2 0 (V ), the vectors u 1 = e 1 ⊗ e 1 − e 2 ⊗ e 2 and u 2 = e 1 ⊗ e 2 + e 2 ⊗ e 1 span the 2-dimensional real subspace for the highest weight, 2λ 1 = 2x 1 . This is immediate from the fact that V has highest weight λ 1 = x 1 , and highest weight is additive under tensoring.
In terms of traceless symmetric 8 ×8 matrices so(8) acting by matrix commutator, the elementary formulae: 
Proof. We have
Similar calculations show that the pairs of vectors in formulae (3.2), (3.3),(3.4) satisfy analogous equations for the corresponding weights.
The intertwining diagram in Figure 2 .2 implies that ψ maps a weight space of the representation π 2 into the corresponding weight space for the representation π 4 • φ. Since φ interchanges λ 1 and λ 4 :
(1) the weight space for 2λ 1 = 2x 1 in the representation π 4 •φ is the weight space for 2λ 4 = x 1 + x 2 + x 3 + x 4 in the representation π 4 , (2) the weight space for 2(λ 2 −λ 1 ) = 2x 2 in the representation π 4 •φ is the weight space for 2(λ 2 − λ 4 ) = x 1 + x 2 − x 3 − x 4 in the representation π 4 , (3) the weight space for 2(λ 4 − λ 2 + λ 3 ) = 2x 3 in the representation π 4 •φ is the weight space for 2(λ 1 −λ 2 +λ 3 ) = x 1 −x 2 +x 3 −x 4 in the representation π 4 (4) the weight space for 2(λ 4 −λ 3 ) = 2x 4 in the representation π 4 •φ is the weight space for 2(λ 1 − λ 3 ) = x 1 − x 2 − x 3 + x 4 in the representation π 4 . Conjugating by an element of the maximal torus if necessary, we can assume
for j = 1, . . . , 4, and u j is defined by (2.3). The factor 1 2 is required in order that ψ be an isometry.
The zero weight space of σ 2 0 (V ), when presented as matrices, is the three dimensional space with an orthogonal basis consisting of the matrices
Lemma 3.2. We have
Proof. The involution φ leaves the simple root α 3 = x 3 − x 4 invariant, and hence also the real 2 dimensional subspace which is a real form of the complex subspace of root vectors E ±α 3 , with a basis:
The element
acting in σ 2 0 (V ) fixes z 1 and interchanges z 2 and z 3 , and acting in Λ 4 + it fixes e 1234 and interchanges e 1256 and e 1278 . Since φ(g 1 ) = g 1 , the image of z 1 under ψ must be a multiple of e 1234 . The isometry condition implies ψ(z 1 ) = ±2e 1234 . We normalize the multiple to +2. Similar arguments for z 2 and z 3 complete the proof of equation(3.6).
Putting together equations (3.5) and (3.6) define (ω Ca , g(e 1 ∧ e 2 ∧ e 3 ∧ e 4 )) = 1 (4.1)
First of all, ω Ca is self-dual and therefore orthogonal to the anti-self dual part of e 1 ∧ e 2 ∧ e 3 ∧ e 4 , so we have (ω Ca , g(e 1 ∧ e 2 ∧ e 3 ∧ e 4 )) = 1 2 (ω Ca , ge 1234 ). (ω Ca , g(e 1 ∧ e 2 ∧ e 3 ∧ e 4 )) = = sup g∈SO(8)
proving the result. Proof. Let D i be the diagonal matrix with 1 the ith position, all other entries 0, and
I. The expressions in parentheses on the right side of the equations above equal a i for i = 2, 3, 4 and −a i for i = 5, 6, 7, 8. Once this identification is made, the proof is the same as for ω Ca .
As noted in [DHM88] , for all the forms ν = ω j , or ν = η j , j = 1, 2, 3, 4 the maximum max g∈SO(8) (ν, g(e 1 ∧ e 2 ∧ e 3 ∧ e 4 )) = 1 is achieved at g = id, and therefore, any convex combination of the ω j , η j will also have comass 1. Conversely, the authors prove, c.f. Lemma 3.4, that, letting {v ∈ C : 1 = max(v, g · (e 1 ∧ e 2 ∧ e 3 ∧ e 4 )) = (v, (e 1 ∧ e 2 ∧ e 3 ∧ e 4 )) = convex hull{ω j , η j |j = 1, . . . , 4}
We will now prove Theorem 1.2, to the effect that every self-dual 4-form on R 8 satisfying (1.4) is SO(8)-conjugate to the Cayley form.
Proof of Theorem 1.2. Let ω be a self-dual 4-form satisfying (1.4). We can assume that ω is normalized to unit comass. By Theorem 1.1, the form ω is conjugate to an element of C. In order that the ratio in (1.4) equal 14, all the coefficients must be ±1.
We can assume that the coefficient of e 1234 is 1. The comass 1 condition implies that ω is also a convex combination of the forms {ω j , η j |j = 1, . . . , 4}. Let
with all a i ≥ 0 and a i = 1. Resolve (4.2) into 7 equations for the coefficients of the e ijkl . We have assumed that the coefficient of e 1234 is 1. If the coefficient of e 1256 is 1 then we conclude immediately from the expressions in Proposition 4.2 that a 3 + a 4 + a 5 + a 6 = 0 and if the coefficient of e 1256 is −1 that a 1 + a 2 + a 7 + a 8 = 0. Since all the coefficients a i are non-negative, in either case we conclude that 4 of the 8 coefficients are 0. In another two steps we conclude that 7 of the 8 coefficients are 0, and that ω is one of the 8 forms {ω j , η j |j = 1, . . . , 4} all of which are SO(8)-conjugate to the Cayley form.
The following classification by orbit type of comass 1 self-dual 4-forms (callibrating forms) is given in [DHM88] .
(1) Type (1, 0), φ = ω Ca Cayley geometry; (2) Type (2, 0), φ = (ω Ca + ω 2 + η 4 ), complex Lagrangian geometry; (6) Type (2, 2), φ = 1 4 (ω Ca + ω 2 + η 3 + η 4 ) = (e 12 + e 78 )(e 34 + e 56 ); (7) Type (3, 1), φ = (ω Ca + ω 2 + ω 3 + η 3 + η 4 ); (ω Ca + ω 2 + ω 3 + η 2 + η 3 + η 4 ).
A counterexample
One might have thought that for any choice of coefficients ±1 in a linear combination of the forms ω j , η j would give a form of comass 1, which would, therefore, realize the maximal Wirtinger ration 14. However, a calculation similar to that in the proof of Proposition 4.1 shows that the form ω + with all coefficients +1 has comass 2. has comass 2.
